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We investigate a cosmological model, based on the Salam-Sezgin six-dimensional supergravity
theory and on previous work by Anchordoqui, Goldberg, Nawata, and Nun˜ez. Assuming a period
of warm inflation, we show that it is possible to extend the evolution of the model back in time, to
include the inflationary period, thus unifying inflation, dark matter, and dark energy within a single
framework. Like the previous authors, we were not able to obtain the full dark matter content of
the Universe from the Salam-Sezgin scalar fields. However, even if only partially successful, this
work shows that present-day theories, based on superstrings and supergravity, may eventually lead
to a comprehensive modelling of the evolution of the Universe. We find that the gravitational-wave
spectrum of the model has a non-constant negative slope in the frequency range (10−15−106) rad/s,
and that, unlike standard (cold) inflation models, it shows no structure in the MHz/GHz range of
frequencies.
I. INTRODUCTION
We still are a long way from having a theoretically
sound unified model explaining both the inflationary
epoch and the standard era of expansion. The problem
has become even more complex since the discovery of the
dark energy content and the resulting present accelerated
expansion of the Universe [1, 2]. Recently, Anchordoqui,
Goldberg, Nawata, and Nun˜ez [3] proposed a very inter-
esting model based on the Salam-Sezgin six-dimensional
supergravity model [4], whose spontaneous compactifica-
tion from six to four dimensions gives rise to a potential,
henceforth called the Salam-Sezgin potential. When this
model is lifted to M-theory, the internal space is found
to be non-compact [5], circumventing existing no-go theo-
rems and allowing the potential to be positive. The work
of Anchordoqui et al. [3] is limited to the investigation
of the epochs subsequent to primordial nucleosynthesis.
The authors derived a solution of the Einstein field equa-
tions in qualitative agreement with the observations of
an accelerating universe, where the dark energy comes
from a scalar field slowly rolling down the (exponential)
Salam-Sezgin potential. Another important result was
the finding that the model also contains a cold dark mat-
ter component (p = 0), coming from another scalar field
interacting with the dark energy field, whose particles, as
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a result of this interaction, have an effective mass slowly
evolving with the dark-energy scalar field. Unfortunately,
dark matter from the Salam-Sezgin scalar field only ac-
counts for up to about 6% of the total matter content of
the universe.
In the present paper we extend this model back in time.
It has been known for a long time [6] that an exponential
potential of the generic form V = V0 exp(−
√
8πGγφ) is
able to support inflation only if γ <
√
2. The Salam-
Sezgin potential fails to obey this requirement, having
γ =
√
2. But, if we assume a period of warm infla-
tion [7], it is possible to show that the Salam-Sezgin
potential is able to drive enough inflation. We obtain,
therefore, within the Salam-Sezgin cosmological model,
a triple unification of inflation, dark matter, and dark
energy. As in Ref. [3], we were not able to obtain the
full dark matter content of the Universe from the Salam-
Sezgin scalar fields, the rest of the dark matter and the
baryonic matter having to be put in by hand. Even if only
partially successful, we believe that our analysis shows
that present day theories, based on supergravity and su-
perstrings, may eventually be successful in providing a
comprehensive description of the evolution of the Uni-
verse.
During the period of warm inflation, energy is contin-
uously transferred from the Salam-Sezgin scalar fields to
a radiation fluid due to the presence of dissipative terms
in the energy conservation equations [7] (for a review see
[8] and references therein). For illustrative purposes we
will assume a simple phenomenological dissipative term,
following the suggestion of Yokoyama and Maeda [9]. In
this work we will not attempt to justify the occurrence
2of warm inflation, which should be due to the coupling of
the scalar fields to a heat bath of background fields [10].
We just mention that plenty of such fields are present if
the model is assumed to be derived from string theory.
In the next section we briefly review the Salam-Sezgin
model. In Sect. III we derive the equations defining the
model and introduce the details of how, following the in-
flationary period, we calculate the amount of dark energy
and dark matter. This is followed by a section on the nu-
merical simulations of the evolution of the universe, since
the beginning of the inflationary period till the present
time, and the analysis of the results obtained. Section V
is dedicated to the calculation of the full energy spectrum
of the gravitational waves generated during the expan-
sion of the universe, as it would be measured today by
an ideal detector. Finally, we end with the summary and
the conclusions.
II. THE SALAM-SEZGIN POTENTIAL
We begin with a review of the Salam-Sezgin model,
following the notation of Anchordoqui et al. [3]. The
Salam-Sezgin model represents a six-dimensional super-
gravity [4]. It has been shown by Cvetic, Gibbons, and
Pope [5] that this model can be uplifted consistently to
type I superstring theory. Its bosonic part is given by
the action
S =
1
4κ2
∫
d6x
√
g6
[
R− κ2(∂Mσ)2 − 2g
2
κ2
e−κσ
−κ2eκσF 2MN −
κ2
3
e2κσG2MNP
]
. (1)
Here, g6 = det gMN , R is the Ricci scalar of gMN , σ
is a scalar field, FMN = ∂[MAN ], GMNP = ∂[MBNP ] +
κA[MFNP ], where AN is a gauge field and BNP is the
Kalb-Ramond field; capital Latin indices run from 0 to
5. Introducing G6 ≡ 2κ2 and ξ ≡ 4g2 and rescaling
φ ≡ −κσ leads to
S =
1
2G6
∫
d6x
√
g6
[
R− (∂Mφ)2 − ξ
G6
eφ
−G6
2
e−φF 2MN −
G6
6
e−2φG2MNP
]
. (2)
Here the length dimensions are: [G6] = L
4, [ξ] = L2,
[φ] = [g2MN ] = 1, [A
2
M ] = L
−4, and [F 2MN ] = [G
2
MNP ] =
L−6.
Salam and Sezgin [4] showed that Lagrangian (1) can
be compactified on the direct product M = M4 × S2,
where M4 ≡ (Minkowski)4. It was shown by Gibbons,
Gu¨ven, and Pope [11] that this is the unique ground state
among all non-singular solutions with a four-dimensional
Poincare´, de Sitter or anti-de Sitter symmetry. The
monopole configuration they found has the metric on M
locally of the form
ds26 = ds4(t, ~x)
2 + e2f(t,~x)r2c (dϑ
2 + sin2 ϑdϕ2), (3)
where (t, ~x) denotes a local coordinate system onM4 and
rc is the compactification radius of S2. The scalar field
φ is taken to depend only on the point of M4, i.e., φ =
φ(t, ~x). The gauge field AM is excited on S2 and is of the
form
Aϑ = 0, Aϕ = b cosϑ, (4)
which satisfies the Maxwell equations (obtained by vary-
ing AM ) and yields the field strength
F 2MN = 2b
2e−4f/r4c . (5)
Finally BNP is taken to vanish. It follows that also
GMNP = 0.
The Ricci scalar can now be written as [12]
R[M ] = R[M4] + e
−2fR[S2]− 4f − 6(∂µf)2, (6)
where R[M ], R[M4], and R[S2] denote the Ricci scalars
of the manifolds M , M4, and S2, respectively. It follows
R[S2] = 2/r
2
c (7)
and
√
g6 = e
2fr4c
√
g4, where g4 = det gµν (with Greek
indices running from 0 to 3). We now define the gravita-
tional constant in four dimensions as
G4 ≡ 1
m2
p
=
G6
32π2r2c
. (8)
It follows that by using the Salam-Sezgin monopole con-
figuration we can re-write the action in Eq. (2) as follows
S =
1
16πG4
∫
d4x
√
g4
{
e2f
[
R[M4] +
2
r2c
e−2f + 2(∂µf)
2
−(∂µφ)2
]
− ξ
G6
e2f+φ − G6b
2
r4c
e−2f−φ
}
. (9)
Using the rescaling of the metric gˆµν ≡ e2fgµν and
√
gˆ4 =
e4f
√
g4, the model is taken into the Einstein conformal
frame where the action Eq. (9) takes the form
S =
1
16πG4
∫
d4x
√
gˆ4
[
R[gˆ4]− 4(∂µf)2 − (∂µφ)2
− ξ
G6
e−2f+φ − G6b
2
r4c
e−6f−φ +
2
r2c
e−4f
]
. (10)
The four-dimensional Lagrangian is then
L =
√
g
16πG
[
R− 4(∂µf)2 − (∂µφ)2 − V (f, φ)
]
, (11)
with
V (f, φ) ≡ ξ
G6
e−2f+φ +
G6b
2
r4c
e−6f−φ − 2
r2c
e−4f , (12)
where we have written g ≡ gˆ4, R ≡ R[gˆ4] and G ≡ G4.
3Following Anchordoqui et al. [3], we now perform the
field redefinition
x ≡ (φ + 2f)/
√
16πG, y ≡ (φ− 2f)/
√
16πG. (13)
The Lagrangian becomes
L =
√
g
[
R
16πG
− 1
2
(∂x)2 − 1
2
(∂y)2 − V (x, y)
]
, (14)
with the Salam-Sezgin potential given by
V (x, y) = A1e
αy
(
1− 2A2e−αx +A3e−2αx
)
, (15)
where we have introduced the notation
A1 =
ξm4
p
512π3r2c
, A2 =
32π2
ξm2
p
, A3 =
1024π4b2
ξm4
p
, (16)
and α =
√
16πG = 4
√
π/mp.
III. THE EVOLUTION MODEL
In our analysis of the Salam-Sezgin cosmological
model, we will divide the evolution of the universe in
two stages. The first stage starts at the beginning of the
inflationary period and extends well into the radiation-
dominated epoch. During this first stage of evolution,
energy is continuously transferred from the scalar fields
x and y to a radiation fluid due to the presence of dis-
sipative terms in the energy conservation equations. In-
flation, which we assume to be of the warm type [7], is
driven by the field x. When the energy density of ra-
diation is of the order (1014GeV)4 (see Sect. IV for de-
tails), we assume that the energy transfer from the fields
x and y to radiation ceases. This marks the end of the
first stage of evolution. During the second stage, which
extends up to the present epoch, the x-field oscillates
around the minimum of the potential, behaving as cold
dark matter with varying mass, as explained below. The
y-field, which behaves like dark energy, is practically con-
stant during most of the second stage of evolution and
becomes dominant in a recent epoch, in agreement with
observations. In what follows we present the relevant
equations for both stages of evolution and show how an
unification of inflation, dark matter, and dark energy can
be achieved within the Salam-Sezgin cosmological model.
For a flat universe, described by the Friedmann-
Robertson-Walker metric,
ds2 = −dt2 + a2(t)dχ2, (17)
where a(t) is the scale factor and dχ2 is the metric of the
three-dimensional Euclidean space, the Einstein equa-
tions are given by
a¨
a
= −α
2
6
[
x˙2 + y˙2 − V (x, y) + ρr
]
, (18)(
a˙
a
)2
=
α2
6
[
x˙2
2
+
y˙2
2
+ V (x, y) + ρr
]
, (19)
where V (x, y) is the Salam-Sezgin potential given by
Eq. (15), ρr is the energy density of a radiation fluid
with equation of state pr = ρr/3, and a dot denotes a
derivative with respect to the comoving time t.
Let us assume that, during the first stage of evolution,
energy is continuously transferred from the scalar fields
x and y to the radiation fluid ρr due to the presence of
dissipative terms. In this case, the energy conservation
equations for the scalar fields and the radiation fluid are
x¨+ 3
a˙
a
x˙+
∂V
∂x
= −Γxx˙, (20)
y¨ + 3
a˙
a
y˙ +
∂V
∂y
= −Γyy˙, (21)
ρ˙r + 4
a˙
a
ρr = Γxx˙
2 + Γy y˙
2, (22)
where Γx and Γy are the dissipative coefficients.
The form of the dissipative coefficients has been dis-
cussed in literature and can be, in realistic models, quite
complicated. For illustrative purposes we will consider
in this article simple phenomenological dissipative coef-
ficients, first introduced by Yokoyama and Maeda [9], of
the form
Γx(x, y) = fx
√
∂2V
∂x2
, (23)
Γy(x, y) = fy
√
∂2V
∂y2
, (24)
where fx and fy are free parameters. For an appropriate
choice of these parameters, a significant amount of en-
ergy is transferred from the scalar fields x and y to the
radiation fluid and, as a consequence, the energy density
of radiation is not diluted during inflation, as in the stan-
dard (cold) inflationary models, and its influence in the
evolution of the universe is such that enough inflation oc-
curs, despite the steepness of the Salam-Sezgin potential.
To be general, let us assume that, immediately prior to
the inflationary phase, the universe may have, in addition
to the energy contained in the x and y scalar fields, an
important contribution from the radiation fluid. Even-
tually, the potential energy V (x, y) becomes dominant
and warm inflation begins. Initially, the energy density
of radiation, ρr, decreases faster than the energy den-
sity of the fields x and y, ρxy = x˙
2/2 + y˙2/2 + V (x, y).
However, because of the energy transfer due to the dis-
sipative terms, ρr quickly reaches a state during which
it decreases slower than ρxy. At a certain point, ρr be-
comes greater than ρxy and a smooth transition from
warm inflation to a radiation-dominated universe takes
place [13].
During inflation the x-field slowly rolls down the po-
tential V (x, y), approaching its minimum at xmin =
(1/α) ln(A3/A2). During the inflationary period the y-
field does not play a significant role in the evolution of
the universe; it simply slowly rolls down the exponential
(in the y direction) potential.
4Note that the potential (15) can be expanded near its
minimum, yielding
V (x, y) = Aeαy +
1
2
M2x(x− xmin)2 + ..., (25)
where
Mx =
√
2α
A
1/2
1 A2
A
1/2
3
eαy/2 (26)
is the time-dependent mass of the scalar field x and
A ≡ A1
(
1− A
2
2
A3
)
=
m4
p
512π3rcb2
(
b2ξ − 1) . (27)
The first term on the right-hand-side of Eq. (25) behaves
like dark energy and, at the present epoch, dominates the
dynamics of evolution of the universe. In order to achieve
agreement with observations, the constant A should be
very small, of the order of 10−122m4
p
(see Sect. IV for
details). This extremely small, but different from zero,
value means that supersymmetry should to be broken
within the Salam-Sezgin cosmological model [3].
After the end of the inflationary period, energy transfer
from the x and y fields to the radiation fluid continues.
As the universe expands, its temperature drops and even-
tually the interaction between the scalar fields and the
thermal bath becomes negligible. At this point, we turn
the dissipative coefficients Γx and Γy to zero. This marks
the end of the first stage of evolution. It is necessary to
emphasize here, that the residual amount of energy in the
x-field at the end of the first stage of evolution should be
low, in order to make sure that the universe undergoes
a long enough radiation-dominated period, ending well
after nucleosynthesis [14, 15]. Our numerical simulations
(see next section) show that the transition between the
first and second stage of evolution occurs at temperatures
of the order of 1014GeV and that the scalar field x is, at
that time, of the order of −10−17mp.
Due to the absence of the dissipative terms, the scalar
field x oscillates rapidly around its minimum during the
second stage of evolution. Since in the expanded poten-
tial (25) the dominant term is quadratic, the oscillating
x-field behaves like matter with equation of state p = 0
[16]. This pressureless matter behaves like cold dark mat-
ter. Its energy density is proportional to the y-dependent
mass of the x-field (which is practically constant during
most of the second stage of evolution) and decreases as
a−3,
c2ρx = Ce
αy/2
(a0
a
)3
, (28)
where c is the speed of light, α = 4
√
πG/c, and a0 ≡ a(t0)
is the value of the scale factor today1. The constant C
1 In the first stage of evolution we use the natural system of units,
with mp = 1/
√
G = 1.22 × 1019 GeV, while in the second stage
we use the International Systems of Units.
should be chosen in order to guarantee continuity of the
solution at the transition from the first to the second
stage of evolution, namely,
C = c2ρx,te
−αyt/2
(
ρr,0
ρr,t
)3/4
, (29)
where the subscript t refers to quantities evaluated at
the end of the first stage of evolution and we have taken
into account that
ρr = ρr,0
(a0
a
)4
, (30)
where ρr,0 ≡ ρr(t0) = 4.6 × 10−31 kg/m3 is the density
of radiation observed today.
Within the Salam-Sezgin cosmological model, the x-
field accounts for just a fraction of the total matter con-
tent of the universe [3]. Therefore, in order to be in
agreement with observational data, we introduce an ad-
ditional pressureless matter component, which accounts
for other types of dark matter and for the usual (bary-
onic) matter. For this component, the energy conserva-
tion equation yields
ρm =
B
c2
(a0
a
)3
, (31)
where B is a constant.
The evolution equations for the y-field and the scale
factor a are now
y¨ = −3 a˙
a
y˙ − αAeαy − α
2
Ceαy/2
(a0
a
)3
, (32)
a¨
a
= −α
2
12
[
2y˙2 − 2Aeαy +
(
B + Ceαy/2
)(a0
a
)3
+ 2ρr,0c
2
(a0
a
)4]
, (33)
(
a˙
a
)2
=
α2
6
[
y˙2
2
+Aeαy +
(
B + Ceαy/2
)(a0
a
)3
+ ρr,0c
2
(a0
a
)4]
. (34)
In the above equations, the constants A and B should
be chosen consistently with observations, namely,
Aeαy0 +
y˙0
2
2
= ρde,0c
2, (35)
B + Ceαy0/2 = ρm,0c
2, (36)
where ρde,0 = 6.9 × 10−27 kg/m3 and ρm,0 = 2.6 ×
10−27 kg/m
3
. To the values of ρde,0, ρm,0, and ρr,0 used
in this article, correspond a value of the Hubble constant
H0 = 71 km s
−1Mpc−1.
Following Ref. [3], during the second stage of evolution,
we use, instead of the comoving time t, a new variable u,
defined as
u = − ln(1 + z), (37)
5where z = a0/a− 1 is the redshift.
Using this new variable, the energy conservation equa-
tion for the scalar field y can be rewritten as
yuu = −
{[
a¨
a
+ 2
(
a˙
a
)2]
yu + αAe
αy
+
α
2
Ceαy/2e−3u
}(
a˙
a
)−2
, (38)
where the subscript u denotes a derivative with respect
to u; a¨/a and (a˙/a)2 are functions of u, y and yu given
by
a¨
a
=
α2
12
{
4α2
[
Aeαy +
(
B + Ceαy/2
)
e−3u
+ ρr,0c
2e−4u
]
y2u(α
2y2u − 12)−1 + 2Aeαy
−
(
B + Ceαy/2
)
e−3u − 2ρr,0c2e−4u
}
, (39)(
a˙
a
)2
= 2α2
[
Aeαy +
(
B + Ceαy/2
)
e−3u
+ρr,0c
2e−4u
]
(12− α2y2u)−1. (40)
The set of equations Eqs. (18)–(22), for the first stage
of evolution, and (38)–(40), for the second stage, will
be solved numerically in the next section. The parame-
ters fx and fy will be chosen such that enough inflation
(65 or more e-folds) is achieved during the first stage
of evolution. The time of transition between the two
stages of evolution will be chosen such that the radiation-
dominated epoch taking place after inflation ends well af-
ter nucleosynthesis. The constant C will be chosen such
that the solution is continuous at the transition between
the first and second stages of evolution and the constants
A and B will be chosen in order to guarantee that the en-
ergy densities of radiation, matter (baryonic plus dark),
and dark energy at the present time are in agreement
with observations.
In section IV our numerical results will be presented
in terms of the density parameters for radiation, mat-
ter, and dark energy, the equation-of-state parameter for
dark energy, and the deceleration parameter defined as,
respectively,
Ωr =
ρr
ρc
=
α2
6
ρr,0c
2e−4u
(
a˙
a
)−2
, (41)
Ωm =
ρm
ρc
=
α2
6
(
B + Ceαy/2
)
e−3u
(
a˙
a
)−2
, (42)
Ωy =
ρy
ρc
=
α2
6
[
y2u
2
+Aeαy
(
a˙
a
)−2]
, (43)
where ρc = 3H
2/(8πG) = 6(a˙/a)2/(α2c2) is the critical
density,
wy =
py
ρyc2
=
y2u
(
a˙
a
)2 − 2Aeαy
y2u
(
a˙
a
)2
+ 2Aeαy
, (44)
and
q = −aa¨
a˙2
. (45)
To finish this section, let us point out that a triple
unification of inflation, dark matter, and dark energy
was proposed recently by Liddle, Pahud and Uren˜a-
Lo´pez [15], using a single massive scalar field φ with
potential V (φ) = V0 +
1
2m
2
φφ
2. Note that this poten-
tial is similar to the expanded Salam-Sezgin potential
given by Eq. (25), the main difference being the fact that
the term behaving like dark energy is constant and not
time-dependent as in our case. Within the unification
scenario proposed in Ref. [15], a residual inflaton field
φ survives preheating and oscillates rapidly around the
minimum of the potential, behaving as cold dark mat-
ter. However, similarly to our case, the amplitude of
the scalar field oscillations are too high. They should be
drastically reduced in order to allow for a long enough
radiation-dominated epoch encompassing primordial nu-
cleosynthesis. Exploiting the uncertainty in the cosmo-
logical evolution between the end of the inflationary pe-
riod and nucleosynthesis, the authors of Ref. [15] consid-
ered a brief period of thermal inflation following preheat-
ing, in order to reduce the amplitude of the scalar field
oscillations to the desired level. In this work, we man-
aged to reduce of the amplitude of the x-field oscillations
after inflation within the context of the Salam-Sezgin cos-
mological model. As already explained above, this was
accomplished by extending the energy transfer from the
Salam-Sezgin scalar fields to the radiation fluid until well
into the radiation-dominated epoch.
IV. NUMERICAL SIMULATIONS
Let us now solve numerically the set of equations (18)–
(22) and (38)–(40). As initial conditions, at the be-
ginning of the inflationary period, we choose x(ti) =
−0.1mp and y(ti) = 0.1mp. Note that enough infla-
tion (65 e-folds or more) can be achieved for such initial
amplitudes of the inflaton field x, below the Planck mass,
provided that fx is chosen adequately. In what follows
we choose the phenomenological dissipative parameters
to be fx = fy = 275. In order to achieve agreement
with observations, the constantA, introduced in Eq. (27),
should be of the order of 10−122m4
p
. We choose, there-
fore, A1 = 10
−12m4
p
, A2 = 1− 10−110, and A3 = 1. This
choice of A1 also fixes the energy scale of inflation to be
Einf = V (xi, yi)
1/4 ≈ 1016GeV. We assume that, at the
beginning of the inflationary period, the kinetic terms of
the scalar fields, as well as the energy density of radiation,
are of the same order of magnitude of the potential V .
We choose, therefore, x˙(ti) = y˙(ti) = 1.47× 10−6m2p and
ρr(ti) = 4.33 × 10−12m4p. Finally, we choose a(ti) = 1;
a˙(ti) is fixed by the Eq. (19) to be 8.52× 10−6mp.
For such values of the initial conditions and parame-
ters, the inflationary period lasts for about 1.1 × 108 tp
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FIG. 1: Time evolution of the energy densities of radiation ρr
(dashed curve) and of the scalar fields ρxy = x˙
2/2 + y˙2/2 +
V (x, y) during the first stage of evolution. The smooth tran-
sition from inflation to a radiation-dominated universe occurs
at about 1.1× 108 tp.
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FIG. 2: Time evolution of the scalar fields x (dashed curve)
and y during the first stage of evolution. After the inflation-
ary period y decreases very slowly, while the |x| decreases
exponentially.
and the scale factor grows by a factor of about 1028. Dur-
ing inflation the condition ρ
1/4
r > H holds, as expected
in warm inflation. Furthermore, the dissipative coeffi-
cient Γx is much greater than the Hubble parameter H ,
implying a strong dissipative warm-inflation regime [8].
At the very beginning of the inflationary period, the en-
ergy density of radiation decreases faster than the energy
density of the scalar fields. However, because of the en-
ergy transfer due to the dissipative terms, the decrease
of the energy density of radiation slows down and, after
a while, a smooth transition from warm inflation to a
radiation-dominated universe takes place (see Fig. 1).
During inflation the x and y-fields roll down the Salam-
Sezgin potential. At the end of the inflationary period
their values are x ≈ −9.30 × 10−4mp and y ≈ 2.16 ×
10−2mp. During the subsequent evolution, till the end
of the first stage of evolution, y decreases very slowly,
while |x| decreases exponentially (see Fig. 2).
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FIG. 3: Time evolution of the density parameters Ωr (thin
curve), Ωm (dashed curve), and Ωy (thick curve) during the
second stage of evolution. In this case, which corresponds to a
short duration of the first stage of evolution, 8.00×108 tp, the
transition from a radiation to a matter-dominated universe
occurs earlier in the history of the universe (but well after
nucleosynthesis) and the density parameter for dark energy
becomes non-negligible already at a redshift z ≈ 106. The
x-field dark matter amounts to about 10% of the total matter
content of the universe at the present time u0 = 0.
As already mentioned above, the residual x-field oscil-
lates rapidly around the minimum of the potential during
the second stage of evolution in which fx = fy = 0, be-
having like cold dark matter. In order to achieve a long
radiation-dominated period of evolution, the initial am-
plitude of the x-field oscillations should be much smaller
than the Planck mass [14, 15]. Our numerical simulations
show that a long enough radiation-dominated epoch re-
quires, at the time tt of transition between the first and
second stages of evolution, that xt ≈ −10−17mp. There-
fore, the energy transfer from the scalar fields x and y to
the radiation fluid should continue after the end of the
inflationary period, allowing |x| to decrease from about
10−3mp, at the end of inflation, to about 10
−17mp, at the
time of transition between the first and second stages of
evolution.
The value of tt should be chosen very carefully. If
this value is too small, the amplitude of the scalar field x
does not decrease enough before it starts to oscillate and,
consequently, the transition from a radiation to a matter-
dominated universe takes place too soon. Another con-
sequence of a shorter first stage of evolution is a rise of
the energy density of the y-field (dark energy) at redshift
z ≫ 1. In Fig. 3, the evolution of radiation, matter (bary-
onic plus dark), and dark energy during the second stage
of evolution is shown for tt = 8.00× 108 tp. In this case,
xt = −1.58 × 10−15mp and ρx,0 = 9.7 × 10−2 ρm,0. On
the other hand, if the value of tt is too big, the amplitude
of the x-field decreases too much and its contribution to
the total matter content, at the present time, becomes
negligible. For instance, in the case tt = 9.50× 108 tp we
have xt = −4.20× 10−18mp and ρx,0 = 0.2× 10−2 ρm,0.
Let us now analyze in more detail the solution obtained
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FIG. 4: Time evolution of the y-field dark energy. This field,
which is practically constant during most of the second stage
of evolution, became dominant only in a recent past.
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FIG. 5: Time evolution of the equation-of-state parameter for
dark energy, wy , during the second stage of evolution. At the
present time, u0 = 0, the value of this parameter is about
−0.62. In the future, it will approach the value −1/3.
for tt = 8.90× 108 tp. In this case, at the time of transi-
tion between the first and second stages of evolution, we
have at = 9.85×1028, xt = −4.45×10−17mp, yt = 2.09×
10−2mp, ρx,t = 1.16×10−43m4p = 5.96×1053 kg/m3, and
ρr,t = 4.89× 10−20m4p = 2.52× 1077 kg/m3. Taking into
account that ρr,0 = 8.92×10−128m4p = 4.6×10−31 kg/m3,
we obtain ut = (1/4) ln(ρr,0/ρr,t) = −62.02, and, from
Eq. (29), C = 1.68×10−124m4
p
= 7.80×10−11 kgm−1s−2.
The constants A and B are chosen in order to sat-
isfy the observational constraints (35) and (36), namely,
A = 3.16 × 10−122m4
p
= 1.47 × 10−8 kgm−1s−2 and
B = 4.73× 10−124m4
p
= 2.19× 10−10 kg.m−1s−2. In this
case, we obtain that the x-field dark matter contributes
about 6% to the total matter content of the universe at
the present time, ρx,0 = 6.15× 10−2 ρm,0. The time evo-
lution of the quantities y, wy, q, Ωr, Ωm, and Ωy, defined
in Eqs. (41)–(45), is shown in Figs. 4–7 for the case under
consideration.
To finish this section, let us comment on the evolu-
tion of the scale factor today and in the future. As can
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FIG. 6: Time evolution of the deceleration parameter, q, dur-
ing the second stage of evolution. This parameter has its
minimum (negative) value around the present time and ap-
proaches zero in the future.
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FIG. 7: Time evolution of the density parameters Ωr (thin
curve), Ωm (dashed curve), and Ωy (thick curve) during the
second stage of evolution. In this case, which corresponds
to a duration of the first stage of evolution of 8.90 × 108 tp,
the density parameter for dark energy becomes non-negligible
only recently. At the present time, u0 = 0, the density param-
eters for radiation, Ωr,0 = 4.8 × 10
−5, matter, Ωm,0 = 0.27,
and dark energy, Ωy,0 = 0.73, are in good agreement with
observational data. The x-field dark matter contributes only
about 6% to the total matter content of the universe.
be seen in Fig. 5, the equation-of-state parameter for
dark matter, wy, is today about −0.62, implying that
a(t) ∝ t1.75, if the matter and radiation contributions
are neglected. However, there is today a non-negligible
contribution from matter (Ωm,0 = 0.27), which if taken
alone would imply a(t) ∝ t2/3. Taking into account both
contributions, from dark energy and from matter, we ob-
tain that today the expansion of the universe is slightly
accelerated. Naively it would seem that this acceleration
should increase in the future, since the density parameter
for matter will approach zero and dark energy will domi-
nate the dynamics of evolution of the universe. However,
at the same time as Ωm → 0, the equation-of-state param-
eter for dark energy, wy, approaches −1/3 (see Fig. 5).
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FIG. 8: Time evolution of the scale factor a (thick curve). To
guide the eye, a linear growth is also represented (dashed
straight line). The transition to an accelerated expansion
takes place at about (2 − 3) × 1017 s. At the present time,
t ≈ 4× 1017 s, the expansion of the universe is slightly accel-
erated. In the future, the scale factor growth approaches a
linear behavior, a consequence of the fact that the equation-
of-state parameter for dark energy approaches −1/3.
As a result, the deceleration parameter, q, approaches
zero (see Fig. 6) and the scale factor grows linearly in
the future. In Fig. 8 we show the evolution of the scale
factor into the future, obtained by direct numerical in-
tegration of Eqs. (32) and (34), using the same initial
conditions and values of the parameters A, B, and C as
in Figs. 4–7.
V. GRAVITATIONAL WAVES
In this section, we calculate the full gravitational-wave
spectrum of the Salam-Sezgin cosmological model using
the formalism of the continuous Bogoliubov coefficients.
This formalism was first applied to particle production in
an expanding universe by Parker [17] and later extended
to the case of gravitons by Henriques [18] and Moor-
house, Henriques, andMendes [19]. It avoids, in a natural
way, overproduction of gravitons of high frequencies [20].
In recent years, the formalism of continuously evolving
Bogoliubov coefficients was applied to the calculation of
gravitational-wave spectra in several cosmological mod-
els, revealing interesting features in the MHz/GHz range
of frequencies due to the transition between the inflation-
ary and the radiation-dominated eras [21, 22, 23].
Let us define the gravitational-wave spectral energy
density parameter as
Ωgw ≡ 1
ρc
dρgw
d lnω
=
8~G
3πc5H2
ω4β2,
where ρgwc
2 and ω are the energy density and angular
frequency of the gravitational waves, respectively, ρcc
2
is the critical energy density of the universe, H is the
Hubble parameter, and β is a Bogoliubov coefficient, such
that β2 gives the number of gravitons. All quantities in
the above expressions are evaluated at the present time,
u0 = 0. The squared Bogoliubov coefficient β
2 is given
by β2 = (X − Y )2/4, where X and Y are continuous
functions of time, determined during the first stage of
evolution by the set of differential equations
X˙ = −iω0
(a0
a
)
Y, (46)
Y˙ = − i
ω0
a
a0
[
ω20
(a0
a
)2
− a¨
a
−
(
a˙
a
)2]
X, (47)
where a¨/a and (a˙/a)2 are given by Eqs. (18) and (19),
respectively, and during the second stage of evolution by
the set of differential equations
Xu = −iω0
(a0
a
) Y
a˙/a
, (48)
Yu = − i
ω0
a
a0
[
ω20
(a0
a
)2
− a¨
a
−
(
a˙
a
)2]
X
a˙/a
, (49)
where a¨/a and (a˙/a)2 are given by Eqs. (39) and (40),
respectively. The scale factor at the present time is given
by a0 = ate
−ut , where the subscript t stands for the
time of transition between the first and second stages of
evolution.
The above differential equations are integrated numer-
ically, from the beginning of the inflationary period till
the present time. We assume that prior to the infla-
tionary period the universe was radiation-dominated and,
therefore, no gravitons were created, i.e., α2(t) = 1 and
β2(t) = 0 for t ≤ ti, where α is a Bogoliubov coefficient
related to X and Y through α2 = (X + Y )2/4. The ap-
propriate initial conditions for the functions X and Y are
then X(ti) = 1 and Y (ti) = 1. The gravitational-wave
angular frequency at present time, ω0, is taken to vary
from about 10−17 rad/s (corresponding to a wavelength
equal, today, to the Hubble distance) to about 108 rad/s
(corresponding to a wavelength equal to the Hubble dis-
tance at the end of the inflationary period).
The full gravitational-wave spectrum for the Salam-
Sezgin cosmological model is shown in Fig. 9. It was
calculated for the particular case of the model with tt =
8.90× 108 tp, discussed in detail at the end of Sect. IV.
For angular frequencies corresponding to the present
size of the Hubble horizon, an upper limit on the
gravitational-wave spectral energy density parameter can
be derived from measurements of the cosmic microwave
background radiation, namely, Ωgw < 1.4 × 10−10 for
ωhor = 1.4 × 10−17 rad/s [24]. The gravitational-wave
spectrum of the Salam-Sezgin cosmological model satis-
fies this constraint easily.
In the intermediate range of frequencies, from about
10−15 rad/s to about 106 rad/s, the gravitational-wave
spectrum differs substantially from the ones obtained,
with the same formalism, in Refs. [21, 22, 23], in that it
has a non-constant slope. This is due to the fact that, in
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FIG. 9: Gravitational wave spectrum of the Salam-Sezgin
cosmological model.
previous investigations, numerical evaluation of the Bo-
goliubov coefficients started at the end of inflation and,
moreover, it was assumed, for the purpose of determin-
ing the initial conditions for the functions X and Y , that
the inflationary period was either exponential or of the
power-law type. This assumption was needed since exact
analytical solutions of Eqs. (46) and (47) are known only
for these types of inflation. As a result, the gravitational-
wave spectrum had, in the intermediate range of frequen-
cies, zero slope [21, 22] or constant negative slope [23],
respectively. In this article, we have improved our cal-
culation by numerically evaluating the Bogoliubov coeffi-
cients from the very beginning of the inflationary period.
This approach allow us to consider any type of inflation,
not just exponential or power-law. This is rather con-
venient for the cosmological model under consideration,
since, during inflation, the equation-of-state parameter
w = p/ρ changes smoothly from−1 to −1/3 (see Fig. 10),
i.e., inflation is neither exponential nor power-law.
The shape of the spectrum in the intermediate range
of frequencies can be understood as follows. It is known
that, for power-law inflationary models, the spectrum has
constant negative slope in this range of frequencies [25]
(see also Ref. [23] for the derivation of this result using
the formalism of continuous Bogoliubov coefficients). In
the limit where power-law inflation approaches exponen-
tial inflation (s → +∞, where a(t) ∝ ts), the slope of
the spectrum approaches zero. Now, let us regard the
evolution of our cosmological model, during inflation, as
a succession of short periods of time, with duration ∆t,
such that in each of them inflation can be considered to
be of the power-law type with s = 23 (w+1)
−1
≈ constant.
Gravitational waves that cross the Hubble horizon dur-
ing the first of these periods, have today low frequencies.
Since during this period the equation-of-state parameter
is w = p/ρ ≈ −1 (see Fig. 10), corresponding to s ≫ 1,
the spectrum, for such low frequencies, is almost flat.
During the second period of time, w is slightly higher
and the spectrum has a small negative slope in the corre-
sponding frequency range. Continuing with this process,
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FIG. 10: Time evolution of the equation-of-state parameter,
w = p/ρ, during the first stage of evolution.
we obtain a spectrum that is a succession of line segments
with increasing (in modulus) slope as the frequency of the
gravitational waves increases. Taking the limit ∆t → 0,
we obtain, in the intermediate region of the spectrum,
the shape shown in Fig. 9.
The gravitational-wave spectrum of the Salam-Sezgin
cosmological model shows no structure in the MHz/GHz
frequency range. Such a structure is expected in cosmo-
logical models in which standard (cold) inflation is fol-
lowed by a preheating and/or reheating stage [21, 22, 23].
In such models, after the inflationary period the infla-
ton field oscillates about the minimum of the its poten-
tial, leading to particle production and an increase of
the energy density of radiation. The structure of the
gravitational-wave spectrum in the MHZ/GHz range of
frequencies depends on the form of the inflationary po-
tential near its minimum. More specifically, if the po-
tential near its minimum is proportional to φn, then
Ωgw increases with the increase of n [23]. Contrarily to
these standard (cold) inflationary cosmological models,
we have assumed that, within the Salam-Sezgin cosmo-
logical model, inflation is of the warm type. That is,
the energy density of the x and y-fields is continuously
transferred to the radiation fluid and, consequently, the
energy density of radiation is not diluted during inflation.
Because the energy density of radiation decreases slower
than the energy density of the x and y-fields (see Fig. 1),
the transition from inflation to the radiation-dominated
era occurs smoothly, well before the x-field starts to os-
cillate about the minimum of its potential. Therefore,
the coherent oscillations of the x-field leave no imprint
in gravitational-wave spectrum in the MHz/GHz range
of frequencies.
VI. CONCLUSIONS
In this work we have extended the analysis by Anchor-
doqui, Goldberg, Nawata and Nun˜ez based on the Salam-
Sezgin supergravity theory, by including the inflationary
10
period in the evolution. The Salam-Sezgin potential con-
tains two scalar fields, x and y. Assuming sufficient dissi-
pative coupling, it follows that a period of warm inflation
takes place, driven by the x-field, during which energy
is being transferred continuously from both scalars to a
radiation fluid. Well after the end of the inflationary pe-
riod, with the universe already dominated by the energy
density of the radiation fluid, the dissipative coefficients
are switched off and the x-field begins a period of quick
oscillations around the minimum of the potential, behav-
ing like cold dark matter with a varying mass. The y-
field, which behaves like dark energy, becomes then prac-
tically constant until very near the present epoch, when
it begins to dominate the energy content of the universe.
We have shown, therefore, that within the Salam-Sezgin
cosmological model is possible to obtain a unified descrip-
tion of inflation, dark matter, and dark energy. For an
appropriate choice of the parameters of the model, we
were able to account for the observed values of radiation,
matter, and dark-energy density parameters. However,
only approximately 6% of the total matter content of the
universe was obtained from the x-field, while, according
to observational data, one would expect dark matter to
amount to about 80% of the total matter content. Even
if not entirely successful in this respect, it is not unrea-
sonable to expect that more sophisticated models, based
on supergravity and superstring theories, could be found
that may generate enough dark matter and dark energy
in a fully unified description.
We have also calculated the full gravitational-wave
spectrum of the Salam-Sezgin cosmological model. Using
the formalism of the continuous Bogoliubov coefficients,
we have shown that this spectrum has a non-constant
negative slope in the frequency range (10−15−106) rad/s,
and that, contrarily to cosmological models in which
standard (cold) inflation is followed by a preheating
and/or reheating stage, the gravitational-wave spectrum
shows no structure in the MHz/GHz range of frequencies.
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